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1 Introduction 

Delay differential equations is one of the oldest branches of the theory of infinite di- 
mensional dynamical systems - theory which describes qualitative properties of systems, 
changing in time. 

We refer to the classical monographs on the theory of ordinary (O.D.E.) delay equa- 
^ tions pTj [121 El El ED]. The theory of partial (P.D.E.) delay equations is essentially less 

developed since such equations are infinite-dimensional in both time (as delay equations) 
and space (as P.D.E. s) variables, which makes the analysis more difficult. We refer to 
some works which are close to the present research [3 El HI El] and to the monograph 
[39]. 

A new class of equations with delays has recently attracted attention of many re- 
searchers. These equations have a delay term that may depend on the state of the system, 
i.e. the delay is state-dependent (SDD). Due to this type of delays such equations are 
inherently nonlinear and their study has begun in the case of ordinary differential equa- 
tions [211 E31 E21 HZl EH |3H [18] (for more details see also a recent survey [13], articles 
[35| [36] and references therein) . 

Investigations of these equations essentially differ from the ones of equations with 
constant or time- dependent delays. The underlying main mathematical difficulty of the 
theory lies in the fact that delay terms with discrete state-dependent delays are not 
Lipschitz continuous on the space of continuous functions - the main space, on which the 
classical theory of equations with delays is developed (see [38] for an explicit example of 
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the non- uniqueness and [13] for more details). It is a common point of view [T3] that 
the corresponding initial value problem (IVP) is not generally well-posed in the sense of 
J. Hadamard [91 [10] in the space of continuous functions (C). This leads to the search 
of (particular) classes of equations which may be well-posed in the space of continuous 
functions (C). 

Results for partial differential equations with SDD have been obtained only recently in 
[25] (case of distributed delays, weak solutions), [16] (mild solutions, unbounded discrete 
delay), and [26] (weak solutions, bounded discrete and distributed delays). 

The main goal of the present paper is to develop an alternative approach, based on 
an additional condition (see (H) below) introduced in [27]. We propose and study a 
state- dependent analogue of the condition which is sufficient for the well-posedness of the 
corresponding initial value problem in the space C. The presented approach includes the 
possibility when the state-dependent delay function does not satisfy the condition on a 
subset of the phase space C, but the IVP still be well-posed in the whole space C. This 
is our second goal which is to connect the approach developed for ODEs (a restriction to 
a subset of Lipschitz continuous functions) and the approach [27] of a different nature. 

Discussing the meaning of the main assumptions (H) and (H) (see below) for applied 
problems, we hope that these assumptions are the natural mathematical expression of 
the fact that many differential equations encountered in modeling real world phenomena 
have a parameter (time r\i gn > or > 0) which is necessary to take into considerations 
the time changes in the system. The changes not always can be taken into considerations 
immediately. To this end, the existence of t]i gn > or > (no matter how small 
the values of t]i gn > or 6 f > are!) makes the corresponding initial value problem 
well-posed. 

Having the well-posedness proved, we study the long-time asymptotic behavior of the 
correspond dynamical system and prove the existence of a compact global attractor. 

2 Formulation of the model with state-dependent 
discrete delay 

Let us consider the following parabolic partial differential equation with delay 
d 

—u(t,x) + Au(t,x) + du(t,x)=(F(u t ))(x), x G O, (1) 
at 

where A is a densely-defined self-adjoint positive linear operator with domain D(A) C 
L 2 (Q) and with compact resolvent, so A : D(A) — > L 2 (Q) generates an analytic semigroup, 
Q is a smooth bounded domain in R n °, d is a non- negative constant. As usually for delay 
equations, we denote by u t the function of 6 e [— r, 0] by the formula u t = u t {6) = u(t+9). 
We denote for short C = C([— r, 0]; L 2 (Q)). The norms in L 2 (Q) and C are denoted by 
|| ■ || and || ■ ||c respectively. 

The (nonlinear) delay term F : C([—r,0];L 2 (Q)) — > L 2 (Q) has the form 

F(<p) = B(<p(-r}(<p))), (2) 
where (nonlinear) mapping B : L 2 (Q) — > L 2 (Q) is Lipschitz continuous 

\\B(v 1 )- B^W^LbWv 1 -v\ Vv\v 2 eL 2 (n). (3) 
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The function : C([— r, 0]; L 2 (ft)) — )■ [0, r] C -R+ represents the state-dependent 
discrete delay. It is important to notice that F is nonlinear even in the case of linear B. 
We consider equation ([!]) with the following initial condition 

M |[_ r ,o] = ^GC = C([-r,0];L 2 (fi)). (4) 

Remark 1. The results presented in this paper could be easily extended to the case of 
nonlinearity F of the form F((p) = ^2 k B k (ip(—7] k ((p))) as well as to O.D.E.s, for example, 
of the following form 



u(t)+Au{t) + d-u{t) = b{u{t-r}{ut))), u(-)eR n ,d>0. (5) 

In the last case one simply needs to substitute L 2 (ft) by R n and use C = C([— r, 0]; R n ) 
instead ofC([—r, 0]; L 2 (ft)). The function b : R r ' 1 — >• R n is locally Lipschitz continuous and 
satisfies \\b(w)\\nn < Ci\\w\\itn + C& with Ci,C& > 0; A is a matrix. 

Remark 2. As an example we could consider nonlocal delay term F (see ^)) with 
the following mapping 

B(v)(x) = / b(v(y))f(x-y)dy, x G ft, 
Jn 

where f : Q — Q — )■ i? is a bounded and measurable function (\f(z)\ < Mj,Wz G ft — Q) and 
b : R ^ R is a (locally) Lipschitz mapping, satisfying \b{w)\ < Ci\w\ + Cb with Ci > 0. 
In this case equation (Tjp has the form 

d f 

—u(t,x) + Au(t,x) + du(t,x)= / b(u(t -T)(ut),y))f(x-y)dy, x G ft. 
°t Jn 

One can easily check that B satisfies (T3|) with L B = L b Mf\Q\, where L b is the Lipschitz 
constant ofb, and |ft| = J n ldx. 

Another example is a (local j delay term F (see with B(v)(x) = b(v(x)),x G ft. 
Equation has the form 

d 

— u(t, x) + Au(t, x) + du(t, x) = b[u(t — r](u t ),x)), x G ft. 

An easy calculation show that (T3|) is satisfied with Lb = L b . 

The methods used in our work can be applied to other types of nonlinear and delay 
P.D.E.s (as well as O.D.E.s). We choose a particular form of nonlinear delay terms F for 
simplicity and to illustrate our approach on the diffusive Nicholson's blowflies equation 
(see the end of the article for more details). 

3 The existence of mild solutions 

In our study we use the standard 

Definition 1. A function u G C{[— r, T]; L 2 (ft)) is called a mild solution on [— r, T] 

of the initial value problem (QP, ^ if it satisfies ^ and 

u(t) = e~ A V(0) + f e - A{t - s) {F(u s ) -d-u(s)} ds, te[0,T\. (6) 
Jo 



Proposition 1[27]. Assume the mapping B is Lipschitz continuous (see (djjj and 
delay function T)(-) : C([— r, 0]; L 2 (f2)) — >• [0, r] C i2+ continuous. 

Then for any initial function <p G C, initial value problem (T7]) ; Q) /ias a global mild 
solution which satisfies u G C([— r, +00); L 2 (fi)). 

The existence of a mild solution is a consequence of the continuity of F : C — > L 2 (Q) 
(see (OQ)) which gives the possibility to use the standard method based on Schauder fixed 
point theorem (see e.g. [391 theorem 2.1, p.46]). The solution is also global (is defined 
for all t > — r) since (J3J) implies < Ls||<^||c + ||-B(0)|| and one can apply, for 

example, [391 theorem 2.3, p. 49]. 

Remark 3. It is important to notice that even in the case of ordinary differential equa- 
tions (even scalar) the mapping of the form F(<p) = f(<p(—r(<p))) : C([— tq, 0]; R) — > R 
has a very unpleasant property. The authors in [19, p. 3] write "Notice that the func- 
tional F is defined on C([— ro, 0]; R), but it is clear that it is neither differentiable nor 
locally Lipschitz continuous, whatever the smoothness of f and r. " As a consequence, the 
Cauchy problem associated with equations with such a nonlinearity "...is not well-posed 
in the space of continuous functions, due to the non-uniqueness of solutions whatever the 
regularity of the functions f and r" [Wj p. 2]. See also a detailed discussion in {13}. 

Remark 4. For a study of solutions to equations with a state- dependent delay in the 
space C([—r,Q];E) with E not necessarily finite- dimensional Banach space see e.g. fl^ 

In this work we concentrate on conditions for the IVP (pEJ) to be well-posed. 

4 Main results: uniqueness, well-posedness and 
asymptotic bahavior 

As in the previous section, we assume that r) : C — > [0, r] is continuous and B is Lipschitz. 
Unlike to the existence of solutions, the uniqueness is essentially more delicate question 
in the presence of discrete state-dependent delay (see a classical example of the non- 
uniqueness in [38]). 

Let us remind an important additional assumption on the delay function 77, as it was 
introduced in [2"7] : 

• ^r] ign > such that 77 "ignores" values of <p(0) for 6 G (— r)i gn ,0] i.e. 

3rj ign > : V^ 1 , ^ 2 eC:WG [-r, - Vign ], =S> cp\e) = V 2 (6) =^ r^ 1 ) = r 1 { V 2 ). 

(H) 

For examples of delay functions satisfying (H) and the proof of the uniqueness of mild 
solutions (given by Proposition 1) as well as the well-posedness of the IVP (0Q), (jlj) see 
[27]. 

Remark 5. It is important to notice that, discussing the condition (H) and its depen- 
dence on the value r)i gn , we see that in the case 7]i gn > r, one has that the delay function rj 
ignores all values of<p(9),W9 G [— r, 0], so r)(<p) = const, Wip G C i.e. equation (T7J) becomes 
an equation with constant ( ! ) delay. On the other hand, the analogue of assumption 
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(H) with r] ign = 0, is trivial since ^{O) = <f 2 {0) for all 9 G [— r, 0] means ip 1 = if 2 in C, 
so r/(y) = 7](^ 2 ). 

Remark 6. It is worth mentioning that the classical case of constant delay (see 
the previous remark) and the corresponding theory forms the basement for the discussed 
approach, but could be mixed with the approach of non-vanishing delays. In our case the 
delay r\ do may vanish (we do not assume the existence ofr^ > such that r)((p) > ro, V<£> ). 

In the above condition (H) the semi- interval (—f]i gn , 0] is fixed (we remind that the 
value rji gn could be arbitrary small). 

Our goal is to extend the approach based on the condition (H) to a more wide class 
of state-dependent delay functions where the value t] ign is not a constant any more, but a 
function of the state. Moreover, as an easy additional extension, we also allow the upper 
bound of the delayed segment to be state-dependent. More precisely, we consider two 
functions 0", £ : C — > [0, r] (upper and low functions), satisfying 

Vy> G C < Q e {<p) < G u (<p) < r. 

Now we are ready to introduce [29J the following state- dependent condition for the state- 
dependent delay function r] : C — > [0, r] (c.f. (H)): 

• 77 "ignores" values of <p(6) for 6 ^ [— ©"(<£>), —Q e ((p)] i.e. 

G C such that V0 G [-0 u (y?), -& e (^)} =*> ^{B) = ip(0) r](ip) = v(f)- (#) 



The above condition means that state-dependent delay function rj "ignores" all val- 
ues of its argument if outside of [—Q u ((p),—Q(<p)] C [— r, 0] and this delayed segment 
[—O u (<p), —©(</?)] is state-dependent. We could illustrate this property on the picture. 




-r -e%) 
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Remark 7. One could see that (H) is a particular case of (H) with £ (y?) = i]i gn and 
Q u (cp)=r,\/ipeC. 



Examples. It is easy to present many examples of (delay) functions r], which satisfy 
assumption (H). The simplest one is 

V ((p) = pi ((p(- x (<p(- r ))) with Pl : L\Q) ->■ [0, r] (7) 

and given \ : L 2 (Q) — > [0,r]. Here (</?) = %((^(— r)) and Q u (ip) = r. It is easy to see 
that the above delay function rj ignores values of (p at points 9 £ (— r, — x(<jo(— t))) U 
(— r)), 0] and uses just two values of ip at points 9 = — r, 9 = — x(</?(— r)). In our 
notations, the delayed segment [— O u (ip>), — (</?)] = [— r, — r)] zs state-dependent. 
In the same way, one has 

N 

7]{ip) = J^Pk {f(-X k {f(-r))) withp k , X k : ^ 2 (fi) -> [0,r]. 
fc=i 

In t/izs case [— ©"(<£>), — (<£>)] = [— r, —mmfc{x fe (</?(— r))}]. ^4 slightly more general ex- 
ample is 

N 

^(V) = withp k ,x k ■ L 2 (tt) -)• [0,r], minr fc £ (0,r]. 

fc=i 

i/ere u (y?) = maxjr 1 , . . . , r^, r 1 )), . . . , X^^l - rAf ))} anc ^ 

0%) = mmjr 1 , . . . , r N , ^(^(-r 1 )), • • • , X^C-r^))}- 
Examples of integral delay terms are as follows 

r-xHvi-r 1 )) ( r-xHvi-r 1 )) \ 

v(<p) = / Pi(<p{0))g(6) d9, and =pA V>{0)g{0) d9 . 

J-X 2 M~r 2 )) \J-X 2 (<P(-r 2 )) J 

Similar to the previous example, Q u (ip) = max {r 1 , r 2 , x 1 (<y9(— r 1 )), x 2 (^(— r 2 ))} and 
Q e ((p) = min{r 1 ,r 2 ,x 1 (^(- rl )) ) X 2 (^(-^ 2 ))}- 

Remark 8. It is interesting to notice that an assumption similar to the existence of 
upper function 0"(-) is used in [S 7 ^ for ODEs with SDD (locally bounded delay). On the 
other hand, an assumption similar to (H) is used in [T^j for neutral ODEs (see (A4)(ii) 
in [T^l), but together with another assumption on SDD to be bounded from below by a 
constant r > (c.f. remark 6). 

Following [27J theorem 1] we have the first result 

Theorem 1. Let both upper and low functions 0", £ : C — > [0, r] be continuous and 
O l (ip) > 0,Wip £ C. Assume the delay function r\ : C — > [0, r] C R + is continuous and 
satisfies assumption (H); the mapping B is Lipschitz continuous (see $B)). 

Then for any initial function <p> £ C, initial value problem (QJ), has an unique mild 
solution u(t),t > (given by proposition 1). 

If we define the evolution operator S t : C — >■ C by the formula S t <p = u t , where 
u(t) is the unique mild solution of (QJj, (0) with initial function tp, then the pair (S t , C) 
constitutes a dynamical system i. e. the following properties are satisfied: 

1. So — Id ( identity operator in C ); 

2. Vt,r>0 S t S T = S t+T ; 
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3. t h-> St is a strongly continuous in C mapping; 



4- for any t > the evolution operator St is continuous in C i.e. for any {ip n }%L l C C 
such that \ \(p n — (p\ \c — > as n — >■ oo ; one nas ||5t<£>" — |c — >■ as n — > oo. 

The proof follows the line of (271 theorem 1] taking into account that condition £ (<£>) > 
0, V<y? G C implies that for any fixed ip G C, due to the continuity of : C — > [0, r], there 
exists a neighbourhood U(<p) C C such that for all if) G E/(</?) one has £ (?/>) > ^Q e (ip) > 
0. That means that in U(<p) C C we have the (state-independent) condition (H) with 
Vign = fG^V 9 ) > an d all the arguments presented in J27J theorem 1] could be directly 
applied to this case. ■ 

Remark 9. We do not assume that the upper and low functions G n , Q e (which are 
used in (H) to present the delayed segment [— Q u (ip), — Q (ip)]) are the functions presenting 
the smallest possible delayed segment. More precisely, it is possible that there exist two 
other functions Q u ,Q e such that for all ip G C one has < G (</?) < Q £ (ip) < Q u (ip) < 
Q u {<p) < r and the same delay rj satisfies (H) with Q u , Q e as well. 

Our next step in studying the state- dependent condition (H) is an attempt to avoid 
the condition Q l (ip) > 0,Wip G C. We are going to consider the general case O e ((p) > 
0,V<p G C with a non-empty set Z = {ip G C : ©^(v 5 ) = 0} 7^ 0. 

Theorem 2. Assume the mapping B is Lipschitz continuous (see (GPj. 

Moreover, let the following conditions be satisfied: 

1) both upper and low functions Q u , Q e : C — » [0, r] are continuous; 

2) Z = {^eC: Q e ( V ) = 0} C CC L = l(p G C : sup H^^H < L 

3) delay function rj : C — > [0, r] C i? + continuous and satisfies assumption (H); 

4) Vpez^ v (<p) >o ; 

5) 3U W {Z) = {x G C : 3v G Z : | |x - u\\ c < u}, 3L V > : Vp, ^ G C/ W (Z) 



c- 



Then for any initial function ip G C, initial value problem (TJP, /ias an unique 
mzW solution u(t),t > (given by proposition 1). Moreover, the pair (St,C) constitutes 
a dynamical system (see thm 1). 

Proof of theorem 2. Let us consider (p G C which is an initial condition (see (jlj)). We 
start with the simple case (p (jL Z. By definition of Z, we have G (<p) > 0. Hence we apply 
the same arguments as in the proof of theorem 1 (the state-independent condition (H) is 
satisfied locally). 

The rest of the proof is devoted to the case ip G Z. We remind some estimates similar 
to estimates (6)-(13) in [27]. Denote by u k {t) any solution of CO),® with the initial 
function ip k and by u(t) any solution of (EE]),® with the initial function <p. 

We use the variation of constants formula for parabolic equation (with A = A + d ■ E) 

u(t) = e- At u{0) + f e- A{t - T) B(u(r - n(n T ))) dr, (8) 
Jo 
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u k (t) = e- At u\(0) + / e- A{t - T) B(u k (r - r](u k ))) dr. (9) 

Jo 

Using ||e~ At || < 1 and ||e _j4 ^~ T ^|| < 1, we get 

I \u k (t) - u(t) 1 1 < | \u k (0) - u(0) 1 1 + f \\B{u\r - r,(u k ))) - B{u{r - r){u T )))\ \ dr 



= \\cp k (0)-cp(0)\\ + J k (t) + J k (t), (10) 
where we denote (for s > 0, x G Q) 

J k (s) = J k (s)(x) = [ S \\B(u k (T - V (u k ))) - B(u(r - rj(u k )))\\ dr, (11) 
Jo 



J^s) = J k (s)(x)= / WBHr-^u^-BHr-^MMdr. (12) 
Jo 

Using the Lipschitz property (j3J) of B, one easily gets 



Ji(t)<L B / \\u k (T-r,(u k ))-u(r- V (u k ))\\dr 



<L B t max \\u k (s) -u(s)\\. (13) 

se{-r,t] 

Estimates ({TBI) . (fTUj) and property J|( s ) ^ ^2 (*) for s < t < t give 
max ||u 

(t)-u(t)\\<\\(p k (0)-(p{0)\\+L B to max ||u fe (s) - u(s)|| + J%(t ). 

te[0,t ] a6[-r,*o] 

Hence 

max \\u k (s) - u(s)\\ < \\<p k - <p\\c + L B t max ||w fe (s) - u(s)\\ + J^o)- (14) 

se[— r,to] se[-r,to] 

Now we study properties of J k which essentially differ from the ones in [27] since 
(H) is not satisfied. The Lipschitz property of B implies 

4(h) < L B f° \\u(r- V (u k ))-u(r- V (u T ))\\dr. (15) 
Jo 

Since (p G Z, property 4) gives i](ip) > 0. Due to the continuity of rj (see 3)), 

BUM = ^ C : \ \if - ipWc < a} : ^ip e U a {<p) > > 0. (16) 

We choose a < co (see property 5). By definition, a solution is strongly continuous function 
(with values in L 2 (Q)), hence for any two solutions u(t) and u k (t) there exist two time 
moments t v , t^k > such that for all t G (0, t v ] one has u t G U a (cp) and for all t G (0, t„k] 
one has G U a (ip). 



Remark 10. More precisely, we assume that 3N a G iV stzc/i £/ia£ /or all k > N a 

»/2 



one /ias <£> fc G U a n((p) and hence there exists time moment t^k G (0, to] swc/i that for all 



8 



t G (0, tpk] one has u\ G U a (<p). The last assumption (BN a £ N : Wk > N a =>- ip k G 
U a / 2 ((f) ) is not restrictive since for the uniqueness of solutions we have ip k = ip while for 
the continuity with respect to initial data (see below) we have <p k — )■ ip in C. 

Remark 11. It is important to notice that we take any solution from the set of 
solutions of I VP with the initial function ip (and denote it by u(t)) and take any 

solution from the set of solutions of IVP (QJ), with the initial function p k ( and denote 
it by u k (t)) i.e. the values t^^t^k may depend on the choice of these two solutions. 

These and ( |T6l) imply that for all r G [0, £1], with t\ < min{t v ; t v k\ ji](p)} one gets 
T — r)(u T ) < 0, r — rj(u^) < and u(r — T)(u T )) = (p(r — r)(u T )), u(t — rj{u k )) = p{r — rj{u k )) . 
Hence, see (fT5|) and properties 2), 5), 

JZ(ti)<L B f l \\(p(T-v(vt))-ip(T-vM)\\dT<L B L r\ V (u k T )- V (u T )\dT 
Jo Jo 

< L B LL v ti max — 

se{-r,ti] 

Finally, we get (see the last estimate and (HM ) 

(1 - L B ti[l + LLr,]) max \\u k (s) - u(s)\\ < \\(p k - <p\\ c . 

se[— r,ti] 

Choosing small enough t% > (to have 1 — L B ti[l + LL V ] > 0) i.e. 

ti = min l^jt^; ~r)((p); qL B [l + for any fixed gG (0,1), (17) 

we get 

max \\u k {s)-u{s)\\<{l-L B t l [l + LL r ^Y 1 \\ V k -^\\ c . (18) 

se[-r,ti] 

It is easy to see that (|18p particularly implies the uniqueness of mild solutions to I.V.P. 
([1]), (j3J) in case when tp k = {p. 

It gives us the possibility to define the evolution operator St '■ C — > C by the 
formula S t tp = u t , where u(t) is the unique mild solution of (PQ), (jl]) with initial function (p. 

Our next goal is to prove that pair (S t ,C) constitutes a dynamical system (see the 
properties 1. —4. as they are formulated in theorem 1). As in [271 p. 3981], properties 1, 2 
are consequences of the uniqueness of mild solutions. Property 3 is given by Proposition 1 
since the solution is a continuous function u G C([— r, T]; L 2 (f2)). 

Let us prove property 4. We consider any sequence {(p k }^ =1 C C, which converges 
(in space C) to ip. Denote by u k {t) the (unique!) mild solution of ([I]),® with the initial 
function ip k and by u(t) the (unique!) mild solution of ([I]),® with the initial function ip. 

One could think that (fTBj) already provides the continuity with respect to initial data, 
but there is an important technical property used in developing (1181) i.e. the choice of t\ 
(see (iTTI) and remark 11). In contrast to the previous study, now we have infinite set of 
functions {ip k }'£ =1 C C, so it may happen that t± — t k — >■ when k — > oo. 

We remind (see the text after ffl6l) ) that two time moments t v ,t v k > have been 
chosen such that for all t G (0,^] one has u t G U a ((p) and for all £ G (0, £_*] one has 
u t fc G Z7 a (<p). Now our goal is to show that infinite number of moments t^,, {£<£*; }^Li 
could be chosen in such a way that t 2 = infjtgjvjt^, i > and «t, G U a (ip) for all 
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t G (0,t 2 ]. To get this, we use the standard proof of the existence of a mild solution 
by a fixed point argument (see e.g. [391 P-46, thm 2.1]). More precisely, let U be an 
open subset of C and F : [0,6] x U — > L 2 (Q) be continuous. For tp G C and any 
y G Yi = {y G C([— r, £ 3 ]; L 2 (f2)) : y(0) = <^(0))} we consider the extension function y as 
follows 

<f(s) for s G [— r, 0]; 
y(t) forsG(0,t 3 ] 



Let Y" 2 = {y £ : 2/t G B$((p) for t G [0,t 3 ]}. Consider a mapping G on F 2 as follows 

G(y)(f) = c-^(0) + f e-^F(ft.) rfr. 

./o 

One can check (see [39l p. 46,47, thm 2.1]), that G maps Y" 2 into Y 2 provided t% = 
min{£'; 6; S/(3N); 8}. Here we use notations of [391 P-46] chosen as follows. Constants 
5 > and iV > are such that ||F(^)|| < iV for all G B 5 (p) = {ip £ C : \\if>-(p\\c < 5}, 
\\e~ At \\ < M = 1. The time moment t' < r is chosen so that if < t < t' then 
\\<p{t + 6) - ip{9)\\ < 5/3 and ||e -A y>(0) - <^(0)|| < 5/3. The solution is given by a 
fixed point y = G(y). For our goal it is sufficient to choose 5 < a and t 2 < t 3 to get 
u t ,u\ G U a (cp) for all t G (0, t 2 ). Here we use instead of when necessary. The 
crucial point here is the possibility to choose i! (and hence £3 and t 2 ) independent of 
k e N. The choice of t' < r so that if < t < t' then \\<p(t + 9) - <p(9)\\ < 5/3 and 
I \<p k (t + 9) — (p k (9) 1 1 < 5/3 for all k G N is possible due to the convergence of ip k (to in 
C). Since any convergent sequence is a pre-compact set in C, the desired property is the 
equicontinuity given by the Arzela-Ascoli theorem. Now estimate (Tl8|) can be applied to 
our case and this completes the proof of property 4 and theorem 2. ■ 

Discussing assumptions of theorem 2, let us present a constructive example of low 
function Q e which satisfies assumption 2). Consider any compact and convex set Kq C 
CLl G C. For example, for any compact and convex set K G L 2 (Q), the set {p G 
C : p G C£l,W9 G [— r, 0] =>■ v?(6 ) ) G K} is compact (by Arzela-Ascoli theorem) and 
convex. First, constructing , we set Q e (p) = for all <p G Kc- Second, we take 
any p G (0, r] and set Q e (p) = p for all ip G C such that distc(p, Kc) > 1. Third, 
for any p E C such that distc(<^, i^c) € (0,1) we find an unique G i^c such that 
distc(p, K c ) = \\p — <p\\c- Such p G i^c exists by the classical Weierstrass theorem 
since f(ip) = distc(y, ^) : K c — > (0, 1) is continuous (</j is fixed) and K c is compact. The 
uniqueness of tp follows from the convexity of K c . Finally, we set £ (y?) = p-distc(<^, <p) G 
(0,p) for all p G C : distc((^, K c ) G (0, 1). By construction, £ satisfies 2). 

As for asymptotic behavior, we study of the long-time behavior of the dynamical 
system (S t ,C), constructed in theorems 1 and 2. Similar to [27, theorem 2] we have the 
following result. 

Theorem 3. Assume all the assumptions of theorems 1 or 2 are satisfied and addition- 
ally mapping B (see is bounded. Then the dynamical system (S t ,C) has a compact 
global attractor A which is a compact set in all spaces Cs = C([—r, 0]; D(A s )),\/5 G [0, |). 

Lemma. Let all the assumptions of theorem 2 be satisfied. Then the global attractor 
A (see theorem 3) is a subset of CC^ (c.f. condition 2 in theorem 2). 
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Remark 12. Lemma gives a possibility to consider system (T7J), with a state- 
dependent delay function 77 which does not ignore values of its argument (p for all points 
<p> G A i.e. no information is lost on the global attractor A. 

Proof of lemma. Consider any solution u t G A. Let us denote f(t) = F{u t ) and prove 
that / is Holder continuous. 

We will need the following property, proved in [271 estimate (29) with 5 = 0] 

IKti)-u(t 2 )|| <£o|ti-t 2 | 1/2 ( 19 ) 

for any solution, belonging to the ball of dissipation (particularly, for any solution belong- 
ing to the attractor). Here L is independent of solution u. 
One can check that 

||/(ti) - /(t 2 )|| < L B ■ |K*! - V (u tl )) - u{t 2 - V (u t2 ))\\. (20) 

Using (1T91) . the Lipschitz property of rj (see 5 in theorem 2), we get from (1201) that 

||/(ti) - < L B L ■ \t, - V (u tl ) - (t 2 - ^u t2 ))\ 1/2 

1 /2 

< L B L ■ (\ti - 1 2 \ + Iviuti) - v( u t 2 )\) < [ using 5 in theorem 2 ] < 
< L B L ■ (\tx - t 2 \ + L v \\u tl - u t2 \\) 1 ' 2 < { using (HHD ] < 
< L B L ■ (jti — t 2 \ + L v L \ti — t 2 \ x ^ 2 ) ^ • 
< L B L ■ (\h - hl 1 ^ + (L„L ) 1/2 |ti - t 2 \^) . 
Finally, for \t\ — t 2 | < 1 one has 

\\f(h) - f(h)\\ < L B L ■ {1 + (L,L ) 1/2 } \h - t 2 \^. (21) 

Let us consider V0 G A. It is well-known that the attractor consists of whole trajec- 
tories i.e. u s G A, Ws G R. We take any t > r > and get ip G A such that S to <p = ip. 
Consider the variation of constants formula for parabolic equation (with A = A + d ■ E 
see ©) 

u(t) = e- At <p(0)+ [ e- A{t ~ T) F(u T )dT. (22) 
Jo 

The first term in the above formula (1221) is Lipschitz for t > t due to the standard 
estimate ||e~ j4 * 1 i; — e~ At2 v\\ < e) 1 1 1 ^ 1 1 ' l^i — ^ 2 |> < t\ < t 2 . Moreover it is uniformly 
Lipschitz for any v — (p(0), <f G A since | |e _A * 1 ^?(0), — e~ At2 ip(0), \ \ < (re) _1 | \v\ \ ■ |ti — 1 2 | < 
(re) _1 C(0) • |ti — 1 2 \, r < ti < t 2 . Here ||<^(0)|| < C(0) due to the dissipativeness of the 
dynamical system (S t ;C) (for more details see [23 estimate (23)]). 

To prove that the second term in (1221) is Lipschitz for t > to we need the following 

Proposition [151 lemma 3.2.1]. Let A be a sectorial operator in Banach space X . 
Assume function f : (0,T) — > X is locally Holder continuous and J Q P ||/(s)||x^s < oo for 

some p > 0. Denote by $(t) = J* e^ A ^ s ^ f(s) ds. Then function $(•) is continuous on 
[0,T), continuously differentiable on (0,T) ; $(t) G D(A) forO<t<T and d$(t)/dt + 
A$(t) = f(t) forO <t <T and ->■ in X as t -> 0+. 
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Remark 13. Our operator A is sectorial since any self-adjoint densely defined 
bounded from below operator in a Hilbert space is sectorial (see e.g. fT5[ example 2, 
p. 26]). 

We apply the above proposition to fit) = F{u t ) and use (I2T|) . The property 
Jo \\f( s )\\x ds < oo for some p > follows from the dissipativeness ||«(t)|| < C(0), 
the continuity of F : C — > L 2 (Q) and the strong continuity of mild solution u. One 
uses the continuous differentiability of $ on [t — r, t ] C (0, T) which implies that 
maxt£[t -r,t ] H^'COII = < 00 • 111 our case ^ represents the second term in ff22l 

which is proved to be Lipschitz continuous with Lipschitz constant M$ ; i independent of 
u. The proof of lemma is complete. ■ 

Remark 14. One can also easily extend the method developed here to the case of 
non- autonomous nonlinear delay terms, for example, using another nonlinear function 
b : R x R — >• R (see remark 2) instead of b to have (F(t, u t )) (x) = b(t, u(t — r)(ut),x)) or 
(F(t, u t )) (x) = f n b(t, u(t - T)(ut),y))f(x - y)dy in equation (QJJ. 

As an application we can consider the diffusive Nicholson's blowflies equation (see e.g. 
[3T] with state-dependent delays. More precisely, we consider equation (TjQ) where —A 
is the Laplace operator with the Dirichlet boundary conditions, Q C R n ° is a bounded 
domain with a smooth boundary, the function / (see remark 2) can be, for example, 

f( s ^ = VI™ e ~ S ' /4C *' as ^ n ^ or ^ e non ~l° ca l i n space variable nonlinearity) or Dirac 
delta-function to get the local in space variable nonlinearity, the nonlinear function b is 
given by b(w) = p ■ we~ w . Function b is bounded, so for any continuous delay function 
1], satisfying (H), the conditions of theorems 1,2 are valid. As a result, we conclude that 
the initial value problem (JXJ) , (SJ) is well-posed in C and the dynamical system (S t , C) has 
a global attractor (theorem 3). 

Acknowledgement. The author wishes to thank I.D. Chueshov and H.-O.Walther 
for useful discussions of an early version of the manuscript. 
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